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Introduction

A key problem of contemporary geo-
detic positioning is the transforma-
tion of mega data sets of conformal
coordinates (Gauß-Krüger confor-
mal coordinates, Universal Trans-
verse Mercator (UTM), for instance)
from a local datum to a global datum
(World Geodetic System 2000, for in-
stance). The satellite Global Positio-
ning System (GPS: global problem
solver) produces coordinates relating
to the International Reference Ellip-
soid E2

A,B of semi-major axis A and
semi-minor axis B (E. GRAFAREND

and A. ARDALAN 1999). In connec-
tion with a chart (“map matching”)
GPS derived conformal coordinates
of type Gauß-Krüger or UTM can
only be used when they are transfor-
med from the global datum to the lo-
cal datum which the chart is based on.
Here we continue the analysis and
synthesis of such datum transforma-
tions of Part I (E. GRAFAREND and
R. SYFFUS 1998) by means of case stu-
dies.

1 Datum transformation of conformal 
coordinates of type Gauß-Krüger/UTM

As outlined by means of the commutative diagram of Fi-
gure 1, Cartesian coordinates (X1, X2, X3) (capital letters:
global datum) are first transformed into Cartesian coor-
dinates (x1, x2, x3) (small letters: local datum) by means
of the conformal group C7(3), a transformation we also
refer to as “rectangular datum transformation”. In con-
trast, a transformation of ellipsoidal coordinates from (l,
b, h) to (L, B, H) of type {ellipsoidal longitude, ellipsoi-
dal latitude, ellipsoidal height} or from (L, B, H) to (l, b,
h) is called a “curvilinear datum transformation” which

Die Umformung großer Datenmengen konfor-
mer Koordinaten von einem lokalen in ein 
globales Datum bereitet Schwierigkeiten. Die
Überlegungen zu dieser Thematik (behandelt
im ersten Teil in AVN 4, 1998, S. 134) werden
erweitert und fortgesetzt.

Fig. 1: Commutative diagram, rectangular, curvilinear and conformal datum trans-
formation, three parameters of translation, three parameters of rotation, one scale
parameter, local reference ellipsoid of resolution E2

a,b, global reference 
ellipsoid of revolution E2

A,B
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is close to the identity. Based on this algorithm we pre-
sented in Part I (E. GRAFAREND and R. SYFFUS 1998) the
direct equations of the datum transformation (x, y) → (X,
Y) of conformal coordinates, or its inverse equations (X,
Y) → (x, y). According to Figure 2 the problem solution
is devided in three steps:

In the first step we have to find a representation of (X,Y)
as a function of (L – L0, B – B0), namely X (L – L0, 
B – B0), Y (L – L0, B – B0), in general. The second 
step produces at first an equation to compute the “glo-
bal” longitude, latitude, height relating to E2

A,B, namely
(l, b, h) → (L, B, H): L(l, b, h), B(l, b, h), H(l, b, h). Se-
condly we convert the equations of transformation to
X(l, b), Y(l, b). In the third step the relation of (x, y) to
(l, b) is found and finaly the solution of the transforma-
tion (x, y) → (X, Y) and, vice versa, (X, Y) → (x, y). A
review of the polynomical representation of “global”
conformal coordinates (X, Y) in terms of “local” con-
formal coordinates (x, y) and vice versa is given by Box
1 and Box 2. Again we refer all details of such transfor-
mations to Part I (E. GRAFAREND and R. SYFFUS 1998).

Grafarend, Hendricks, Gilbert – Transformation of conformal coordinates of type Gauß-Krüger

Fig. 2: Commutative diagram, genesis of the transformation
of Cartesian conformal coordinates (x, y) in a local reference
system to Cartesian conformal coordinates (X, Y) in a global
reference system by means of a curvilinear datum transfor-
mation, three-step-procedure
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Some remarks to the possible linearization of the semi-
major axis A = a + δa and the squared relative eccentri-
city E2 = e2 + δe2 have to be made. At an early stage of
the development of our algorithm we were not convin-
ced whether the common linearization of the transfor-
mation equations with respect to the form parameters
(A, E2) or (a, e2) would be numerically useful. Accor-
dingly in a “Studienarbeit” D. FRIEDRICH (1998) compa-
red the transformation (i) (L, B, H) → (X1, X2, X3), (ii)
(X1, X2, X3) → (x1, x2, x3), (iii) (x1, x2, x3) → (l, b, h) 
linearized in the form parameter variations with the clos-
ed form equations: The “rectangular datum transforma-
tion” (ii) nearly produced identical results with and with-
out linearization. In contrast, the “curvilinear datum
transformation” {l(L, B, H), b(L, B, H), h(l, B, H)} was
strongly affected: The systematic differences were 10 
times larger. Accordingly we decided to apply those
“curvilinear datum transformation” without any lineari-
zation in the form parameters (A, E2) and (a, e2) respec-
tively.

2 Numerical results

In our case studies we concentrated to the State of Ba-
den-Württemberg. The transformation of 50 BWREF
points from a global to a lokal datum and vice versa has
been computed. Table 2.1 summarizes those datum
transformation parameters available to us.

Box 1 and Box 2 representing X = X (x, y, ρ, tx, ty, tz, α,
β, γ, s, A, E2, a, e2), Y = Y (x, y, ρ, tx, ty, tz, α, β, γ, s, A, E2,
a, e2) and x = x (X, Y, ρ, tx, ty, tz, α, β, γ, s, A, E2, a, e2), 
y = y (X, Y, ρ, tx, ty, tz, α, β, γ, s, A, E2, a, e2), respectively.
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Table 2.1:
Datum transformation 
parameters global (WGS 84)
to local (BW)

For space reasons we review the results for only ten
points, both for the forward and backward transforma-
tions. Table 2.2 and Table 2.3 represent the differences
between the Gauß-Krüger conformal coordinates (X,Y)
and those computed ones {X(trans), Y(trans)}. Indeed
the differences of the Easting (“Rechtswert”) were larger
than those of the Northing (“Hochwert”). We have to
mention that all transformation parameters were based
on those data of “Deutsches Hauptdreiecksnetz”
(DHDN). Accordingly the accuracy of the transforma-
tion cannot be better than a few centimeters. For a more
detailed analysis we have chosen five points (Katzen-
buck, Gerabronn, Karlsruhe, Stuttgart, Oberkochen)
whose Gauß-Krüger conformal coordinates as well as el-
lipsoidal heights are given in Table 2.4. Table 2.5 and Ta-
ble 2.6 summarize those polynomial coefficients given in

Table 2.2: Difference between Gauß-Krüger conformal coor-
dinates X and Xtrans: “Easting”

Table 2.3: Difference between Gauß-Krüger conformal coor-
dinates Y and Ytrans: “Northing”

Table 2.4: Selected BW-points, Gauß-Krüger conformal co-
ordinates, Easting (“Rechtswert”) x, Northing (“Hochwert”)
y, ellipsoidal height h, name of the point 

Table 2.5: Transformation from a local to a global reference
system, polynomial coefficients
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x–10
x_

ρ has been denoted by a–10, x
–

01 (y_
ρ – y00) is called a–01

etc.

From those tables we conclude that there are only three
terms larger than a centimeter. Accordingly with such
results we can reduce the computational efforts by 30%.
Indeed we need only the coefficients 

a10, a01, b00, b10, b01

and

a–00, a
–

10, a
–

01, b
–

00, b
–

10, b
–

01,

respectively. For fast less accurate computations we can
disregard the coefficients

a01 and a–01.

The value of such a term is smaller than 10 cm. Ob-
viously, just for mapping purposes this accuracy is suffi-
cient: It is an advantage when you have to compute da-
tum transformations of conformal coordinates for mega
data sets. 
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Fortsetzung Tab. 2.5

Table 2.6: Transformation from a global to a local reference
system, polynomial coefficients
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Finally we have repeated all computations by replacing
the “global” reference system of type WGS 84 by the
new World Geodetic Datum 2000 (E. GRAFAREND and
A. ARDALAN 1999). Table 2.7 reviews the best estimates
of type semi-major axis A, semir-minor axis B and linear
eccentricity ε = √A2 – B2 both for the tide-free geoid of
reference and for the zero-frequency tide geoid of refer-
ence. The related data of transformation of type UTM
(X84, Y84) versus (X2000, Y2000) originating from a refer-
ence system of Bessel type are collected in Table 2.8 and
Table 2.9. Indeed they document variations of the order
of a few decimeter! 
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Table 2.7: World Geodetic Datum 2000 (WGS 2000) (E.
GRAFAREND and A. ARDALAN 1999

Table 2.8: Transformation from conformal coordinates of type Gauß-Krüger (Bessel reference
ellipsoid) to conformal coordinates of type Gauß-Krüger (WGS 84 and WGS 2000, “tide-free
geoid”)

Table 2.9: Transformation from conformal coordinates of type Gauß-Krüger (Bessel reference
ellipsoid) to conformal coordinates of type Gauß-Krüger (WGS 84 and WGS 2000, “zero-fre-
quency tide geoid”)

Abstract

A key problem of 
contemporary geodetic
positioning is the
transformation of
mega data sets of 
conformal coordinates
from a local to a global 
datum. Electronic
mapping is another 
application that needs
a fast solution of this
problem. 
Because of our case
studies we can reduce
the formula of Part I
considerable. If we dis-
regard the inaccuracy
of the transformation
parameters, the accur-
acy of the transforma-
tion is nearly one cen-
timetre if we use thirty
per cent of the formu-
lae, accordingly it is a
fast and efficient algo-
rithm and a good base
for a computer 
programme.


