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Der Beitrag zeigt einen Weg, nichtlineare Be-
obachtungen unterschiedlicher Art in einer ge-
meinsamen Ausgleichung zu behandeln.

In the data process of the construction of digital city and
digital nation, and the modern deformation monitoring,
many kinds of measurements with different precision
containing geometric and physical data are captured.
The distribution types of these data can be divided
into normal distribution, Laplace’s distribution, normal
mixed distribution and so on. But the main distribution
is normal. Meantime the relations between these observ-
ing data and the unknown parameters are nonlinear in
most of the cases. So far different kinds of observing
data with different precision usually can independently
be processed with the method of classical linear least
square, respectively. Obviously it is not scientific and ac-
curate. Now the theory of data process with nonlinear
least square method has been an important object to
be studied in the field of surveying and mapping all
over the world. So the International Association of Geo-
desy (IAG) thinks it as an important question for study.
Now it is beginning to study the data process with the
nonlinear least square method, supposing that the non-
linear functions are continuous and derivative. Therefore
we can get the derivatives of the target function and cal-
culate a group of best parameters to make the nonlinear
target function to be extreme value. The method is com-
plex and takes more calculating load. The nonlinear in-
tegral least square adjustment containing different kinds
of observing data with different precision is the same as
the above. To solve the nonlinear integral least square
adjustment including different kind of observing data
with different precision, a new solution model and its cal-
culating method are put forward. The new method
doesn’t derive the derivative of the relative functions.
The calculating load of the new nonlinear model is
less than the existing methods and easy to be calculated.

1 Solving model of nonlinear integral least
square adjustment with non-derivative of
the error functions

To study the problem conveniently, we suppose that there
are two kinds of observing data with different precision.
Carrying out the integral joined adjustment, the observ-
ing data can be divided into several groups according to
the kind and precision of data and the nonlinear error
function of each group should be founded. Now suppose
there are two groups of observing data, L1

m�1
and L2

n�1
,

whose weight matrices are P1
m�m

and P2
n�n

, and correspond-

ing correct matrices are V1 and V2 respectively. In the

mean time, L1
m�1

is not relative to L2
n�1
� d

s�1
is the unknown

parameter matrix. So we can get the nonlinear error func-
tion as

V1 ¼ f1ðd1d2:::dsÞ ÿ L1 P1 who belong to normal

distribution ð1Þ

V2 ¼ f2ðd1d2:::dsÞ ÿ L2 P2 who belong to Lalace0s

distribution

In order to obtain the more precise adjusting results, it is
important to understand the weights of all kinds of ob-
serving data when carrying out the integral process of
different kinds of data with different precision. One
method to solve the problem is often used to get the ap-
propriate weight ratio of all kinds of data. Supposing the
weight of normal data is P1 and that of Laplace’s data is
P2 ¼ P1C=jV2j, in which C can be obtained from the
function table of standard normal accumulated distribu-
tion. In general, jV2j > C. To get further the more reli-
able weight ratio, then the more reliable variance of all
kinds of observing data can be calculated with the poster-
iori method. So we get the more appropriate weight ratio.
From equation (1), we can get the nonlinear integral least
square adjustment model as
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min FðdÞ ¼ VT
1 P1V1 þ VT

2 P2V2 ¼
Xm

i¼1

P1iV
2
1i þ

Xn

j¼1

P2jV
2
2j ¼

Xm

i¼1

P1iðf1iðdÞ ÿ l1iÞ2 þ
Xn

j¼1

P2jðf2jðdÞ ÿ l2jÞ2

¼
Xm

i¼1

P1iu
2
1iðdÞ þ

Xn

j¼1

P2ju
2
2jðdÞ ¼ F1ðdÞ þ F2ðdÞ ð2Þ

whose target function is the square sum of FðdÞ ¼ F1ðdÞ þ F2ðdÞ. There have been some methods to solve the model
(2). In the calculating process, we must get the first power and second power derivatives of the target function, and S-
dimensional power function group must be solved repeatedly to get the search direction. It is complex to carry on the
work and takes more time. Therefore we put forward a non-derivative method to solve the problem in the paper.
We all know that the stable solution of the model (2) can be obtained by the essential condition of the extreme value.
According to the essential condition of its extreme value, model (2) must satisfy rFðdÞ ¼ 0, that is

rF ¼

qu11ðdÞ
qd1

qu12ðdÞ
qd1

. . .
qu1mðdÞ
qd1

qu21ðdÞ
qd1

qu22ðdÞ
qd1

. . .
qu2nðdÞ
qd1

qu11ðdÞ
qd2

qu12ðdÞ
qd2

. . .
qu1mðdÞ
qd2

qu21ðdÞ
qd2

qu22ðdÞ
qd2

. . .
qu2nðdÞ
qd2

..

.

qu11ðdÞ
qds

qu12ðdÞ
qds

. . .
qu1mðdÞ
qds

qu21ðdÞ
qds

qu22ðdÞ
qds

. . .
qu2nðdÞ
qds

0BBBBBBBB@

1CCCCCCCCA
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P ¼

P11

P12

. .
.

P1m

P21
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. .
.
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Let JT ¼
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. . .
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. . .
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. . .
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, then

rFðdÞ ¼ 2JTPuðdÞ ¼ 0. In the vicinity of the initial point dð0Þ, now we discuss a linear function close to the vector
function uðdÞ. So

u11ðdÞ ¼ u11ðd
ð0Þ
1 d

ð0Þ
2 . . . dð0Þs Þ þ

qu11ðdÞ
qd1

ðd1 ÿ d
ð0Þ
1 Þ þ

qu11ðdÞ
qd2

ðd2 ÿ d
ð0Þ
2 Þ þ ::::::þ

qu11ðdÞ
qds

ðds ÿ dð0Þs Þ

¼ u11ðd
ð0Þ
1 d

ð0Þ
2 . . . dð0Þs Þ ÿ

qu11ðdÞ
qd1

d
ð0Þ
1 ÿ

qu11ðdÞ
qd2

d
ð0Þ
2 . . .þ qu11ðdÞ

qds

dð0Þs þ
qu11ðdÞ
qd1

d1 þ
qu11ðdÞ
qd2

d2

þ:::::: qu11ðdÞ
qds

ds ¼ C11 þ a11d1 þ a12d2 þ . . .þ a1sds

whose approximate function is

l11ðdÞ ¼ C11 þ a11d1 þ a12d2 þ . . .þ a1sds

AVN 3/2003 99

Huaxue Tao, Jinyun Guo – A New Solution Model of Nonlinear Integral Adjustment Including Different Kinds of . . .



With the same method as the above, we can get

l12ðdÞ ¼ C12 þ a21d1 þ a22d2 þ . . .þ a2sds

..

.

l1mðdÞ ¼ C1m þ am1d1 þ am2d2 þ . . .þ amsds

l21ðdÞ ¼ C21 þ b11d1 þ b12d2 þ . . .þ b1sds

..

.

l2nðdÞ ¼ C2nfþ bn1d1 þ bn2d2 þ . . .þ bnsds

0BBBBBBBB@

1CCCCCCCCA
ð3Þ

Then

lðdÞ ¼ Ad þ C ð4Þ

Calculating the derivative of equation (4), we can get

rlðdÞ ¼ A ð5Þ

To make ~FFðdÞ ¼ lðdÞT PlðdÞ take the place of FðdÞ ¼ uðdÞT PuðdÞ in the vicinity of dðkÞ, we can obtain

r~FFðdÞ ¼ 2rlðdÞT PlðdÞ ¼ 0 ð6Þ

From equations (4), (5) and (6), we can get r~FFðdÞ ¼ 2AT PðAd þ CÞ ¼ 0. Now let CK ¼ lðdðkÞÞ ÿAkdðkÞ

¼ uðdðkÞÞ ÿ AkdðkÞ and d ¼ dðRþ1Þ, then

dðkþ1Þ ¼ dðkÞ ÿ ðAT
k PAkÞÿ1

AT
k PuðdðkÞÞ ð7Þ

in which the matrix Ak must satisfy

Duk ¼ AkDdk ð8Þ

where Ddk ¼ ½d1*ÿ d
ðkÞ
1 ; d2*ÿ d

ðkÞ
2 ; . . . ; ds*ÿ dðkÞs �, Duk ¼ ½Du

ðkÞ
11 ;Du

ðkÞ
12 ; . . . ;DuðkÞ1m;Du

ðkÞ
21 ;Du

ðkÞ
22 ; . . . ;DuðkÞ2n �, Du

ðkÞ
11

¼ u11ðd*Þ ÿ u11ðdðkÞÞ, DuðkÞ12 ¼ u12ðd*Þ ÿ u12ðdðkÞÞ, DuðkÞ1m ¼ u1mðd*Þ ÿ u1mðdðkÞÞ, DuðkÞ21 ¼ u21ðd*Þ ÿ u21ðdðkÞÞ,
DuðkÞ22 ¼ u22ðd*Þ ÿ u22ðdðkÞÞ, and DuðkÞ2n ¼ u2nðd*Þ ÿ u2nðdðkÞÞ. Ddk is a s� s matrix, Duk is a ðmþ nÞ � s matrix,

d* is the current approximate value of the most optimal point, and dðkÞ is the initial value pre-given. In general,
the rank of Dd is full. Therefore equation (8) can only determine a ðmþ nÞ � s matrix, that is

Ak ¼ DukðDdkÞÿ1 ð9Þ

Let

Ck ¼ uðdðkÞÞ ÿ DukðDdkÞÿ1
d
ðkÞ
f ð10Þ

then the approximate linear function of uðdÞ in the vicinity of dðkÞ can be expressed as lkðdÞ ¼ DukðDdkÞ
ÿðd*ÿ dðkÞÞ þ uðdðkÞÞ. So from equation (9), we can get

AT
k PAk ¼ ½DdkÞÿ1�TDuT

k PDukðDdÞÿ1 ð11Þ

As the rank of Duk is full, AT
k Ak is a positive definite matrix. From equation (11), we can obtain

ðAT
k PAkÞÿ1 ¼ DdkðDuT

k PDukÞ
ÿ1DdT

k ð12Þ

With the method of general nonlinear least square, from equation (7) we can get

dðkþ1Þ ¼ dðkÞ ÿ DdkðDuT
k PDukÞ

ÿ1DdT
k ½ðDdkÞT �ÿ1DuT

k PuðdðkÞÞ ð13Þ
Let dðkÞr ¼ dðkÞ and r ¼ 1; 2 . . . ; s, then dr* ¼ dðkÞr þ ðdðkÿ1Þ

r ÿ dðkÞr Þer in which eT
r ¼ ð0 0 . . . 10

r

. . . 0Þ.
If hðkÞr ¼ ðdðkÿ1Þ

r ÿ dðkÞr 6¼ 0, Ddk is a diagonal matrix, that is

100 AVN 3/2003

Huaxue Tao, Jinyun Guo – A New Solution Model of Nonlinear Integral Adjustment Including Different Kinds of . . .



Ddk ¼

h
ðkÞ
1

0

h
ðkÞ
2

. .
.

0

hðkÞs

266666664

377777775
And the matrix Duk can be expressed as the following

Duk ¼ DuðkÞ11 Du
ðkÞ
12 . . .DuðkÞ1mDu

ðkÞ
21 Du

ðkÞ
22 . . .DuðkÞ2n

h iT

DuðkÞ11 ¼ ½u11ðd
ðkÞ
1 þ h

ðkÞ
1 d

ðkÞ
2 . . . dðkÞs Þ ÿ u11ðd

ðkÞ
1 d

ðkÞ
2 . . . dðkÞs Þ; u11ðd

ðkÞ
1 d

ðkÞ
2 þ h

ðkÞ
2 d

ðkÞ
3 . . . dðkÞs Þ

ÿu11ðd
ðkÞ
1 d

ðkÞ
2 . . . dðkÞs Þ; . . . ; u11ðd

ðkÞ
1 d

ðkÞ
2 . . . dðkÞs þ hðkÞs Þ ÿ u11ðd

ðkÞ
1 d

ðkÞ
2 . . . dðkÞs Þ� ¼ ½u11ðdðkÞ þ h

ðkÞ
1 e1Þ

ÿu11ðdðkÞÞ; u11ðdðkÞ þ h
ðkÞ
2 e2Þ ÿ u11ðdðkÞÞ; . . . ; u11ðdðkÞ þ hðkÞs esÞ ÿ u11ðdðkÞÞ�

DuðkÞ12 ¼ ½u12ðdðkÞ þ h
ðkÞ
1 e1Þ ÿ u12ðdðkÞÞ; u12ðdðkÞ þ h

ðkÞ
2 e2Þ ÿ u12ðdðkÞÞ; . . . u12ðdðkÞ þ hsesÞ ÿ u12ðdðkÞÞ�

..

.

DuðkÞ1m ¼ ½u1mðdðkÞ þ h
ðkÞ
1 e1Þ ÿ u1mðdðkÞÞ; u1mðdðkÞ þ h

ðkÞ
2 e2Þ ÿ u1mðdðkÞÞ; . . . ; u1mðdðkÞ þ hðkÞs esÞ ÿ u1mðdðkÞÞ�

DuðkÞ21 ¼ ½u21ðdðkÞ þ h
ðkÞ
1 e1Þ ÿ u21ðdðkÞÞ; u21ðdðkÞ þ h

ðkÞ
2 e2Þ ÿ u21ðdðkÞÞ; . . . ; u21ðdðkÞ þ hðkÞs esÞ ÿ u21ðdðkÞÞ�

DuðkÞ2n ¼ ½u2nðdðkÞ þ h
ðkÞ
1 e1Þ ÿ u2nðdðkÞÞ; u2nðdðkÞ þ h

ðkÞ
2 e2Þ ÿ u2nðdðkÞÞ . . . u2nðdðkÞ þ hðkÞs esÞ ÿ u2nðdðkÞÞ�

Duk can again be expressed as

Duk ¼ ½u1ðdðkÞ þ h
ðkÞ
1 e1Þ ÿ u1ðdðkÞÞ; u2ðdðkÞ þ h

ðkÞ
2 e2Þ ÿ u2ðdðkÞÞ; . . . ; usðdðkÞ þ hðkÞs esÞ ÿ usðdðkÞÞ� ¼ DuðdðkÞhðkÞÞ

ð13Þ
So

Ak ¼ DukðDdkÞÿ1 ¼
�

1

h
ðkÞ
1

ðu1ðdðkÞ þ h
ðkÞ
1 e1Þ ÿ u1ðdðkÞÞ

�
,

1

h
ðkÞ
2

½u2ðdðkÞ þ h
ðkÞ
2 e2Þ ÿ u2ðdðkÞÞ�,

. . . ;
1

h
ðkÞ
s

�
ðusðdðkÞ þ hðkÞs esÞ ÿ usðdðkÞÞ

�
From the comparison with equation (4), we can know Ak is a matrix composed of the difference of function uðdÞ,
which takes the place of the first power derivative matrix of uðdÞ in equation (4). When
h
ðkÞ
1 ¼ h

ðkÞ
2 ¼ . . . ¼ hðkÞs ¼ hðkÞ, then we can get

Ak ¼
1

hðkÞ
½u1ðdðkÞ þ h

ðkÞ
1 e1Þ ÿ u1ðdðkÞÞ; u2ðdðkÞ þ h

ðkÞ
2 e2Þ ÿ u2ðdðkÞÞ; . . . ; usðdðkÞ þ hðkÞs esÞ ÿ usðdðkÞÞ� ¼

1

hðkÞ
DuðdðkÞhðkÞÞ

ð15Þ
To substitute equation (15) into equation (11) and (7), we can get the calculating model

dðkþ1Þ ¼ dðkÞ ÿ hðkÞ½DuðdðkÞhðkÞÞTPDuðdðkÞhðkÞ�ÿ1 � DuðdðkÞhðkÞÞTPuðdðKÞÞ ð16Þ

which includes the difference instead of the derivative.
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2 Non-derivative calculating processes of the
nonlinear integral adjustment containing
different kinds of observing data with
different precision

Step 1: Let the iterative number k ¼ 0, the initial weight
P0

1 ¼ P0
2 ¼ 1 and the allowable error eðe < 0Þ and give

the initial approximate value dð0Þ.

Step 2: Calculate uðdðkÞÞ ¼ ½u11ðdðkÞÞ; u12ðdðkÞÞ; . . . ;
u1mðdðkÞÞ; u12ðdðkÞÞ; . . . ; u2nðdðkÞÞ�

T
.

Step 3: Solve
hðkÞ ¼ 0ðkuðdðkÞÞkÞ ¼ bðkuðdðkÞÞkÞb 2 ð0; 1Þ.

Step 4: Calculate DuðdðkÞhðkÞÞ.

Step 5: Calculate dðkþ1Þ.

Step 6: If kdðkþ1Þ ÿ dðkÞk < e, dðkþ1Þ is the optimal solu-
tion that satisfies the accuracy claim. Otherwise dðkþ1Þ

replaces dðkÞ and let again k ¼ k þ 1, then calculate again
the weights of two groups of observing data. First we
should calculate the square sum of residual errors of
data, then solve the variance estimate of the first group

of data r1 ¼ VT
1 P1V1

mÿs
. According to the variance estimate,

we can determine the weights of all kinds of observing
data, P1 ¼ P0

1r0=r2
1 and P2 ¼ P1C=jV2j, in which

r0 ¼ 1. Then go to Step 2. Repeat the above processes
until the claim is satisfactory.

A new solution method to solve the nonlinear integral
least square adjustment containing different kinds of ob-
serving data with different precision is put forward in the
paper. It is an efficient and simple method. We mainly
calculate the function dðkÞ instead of the derivative in
each iterative calculation. So the calculating load is
less. In the meantime the method is strict in theory. It
has a theoretical and practical significance and opens
up a new way to solve the nonlinear integral least square
adjustment including different kinds of data with differ-
ent precision.

Acknowledgements

This study is supported by the National Natural Science
Foundation of China (Grant No.40174003).

References

[1] MA XIAOFEN, et al.: A Divided Switching Algorithm of
Nonlinear Least Square Problem. Journal of Engineer-
ing Mathematics, 1996, (1): 30 –36

[2] TAO HUAXUE: Multi-target and Dynamic Optimal Design
of Integrative Deformation Monitoring Network Con-
taining Different Kinds of Observing Values. Engineer-
ing Investigation, 1996, (4): 56 – 63

[3] TAO HUAXUE: Dynamic Least Square Estimation of Dif-
ferent Kinds of Observing Data. Journal of Shandong
Institute of Mining and Technology, 1996, (4): 1 –6

[4] TAO HUAXUE; GUO JINYUN: Integrative Solution of Non-
linear Least Square Adjustment Model Containing Two
Classes of Control Networks. Journal of China Coal So-
ciety, 1999, (Sup.): 1 – 4

[5] TAO HUAXUE; WANG TONGXIAO: Nonlinear Dynamic Op-
timal Design Two of Deformation Monitoring Network.
Journal of China Coal Society, 1997, (3): 236 – 241

[6] TEUNISSEN P. J. G.: Nonlinear Least Squares Methods.
Manu. Geod., 1990, 15: 137 – 150

[7] XI SHAOLIN: Nonlinear Optimal Method. Higher Educa-
tion Press, Beijing, 1992

Adress of the Authors:
Prof. HUAXUE TAO, JINYUN GUO, Institute of Geoscience
and Technology, Shandong University of Sci. and Tech.,
Tai’an 271019, Shandong, P R China

Abstract

In the construction of digital nation and the
modern deformation monitoring, different kinds
of observing values with different precision are
often collected and have the nonlinear rela-
tionship with each other. A new solution model of
nonlinear dynamic integral least square ad-
justment including different kinds of observing
data with different precision is put forward in
the paper, which is not dependent on their de-
rivatives. It is a new method to solve the non-
linear integral adjustment, which has more
scientific and practical significance.
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