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Curve and Surface Approximation  
of 3D Point Clouds
Kurven- und Flächen-Approximation 
von 3D-Punktwolken
Johannes Bureick, Hans Neuner, Corinna Harmening, Ingo Neumann

In many geodetic applications and tasks it is necessary to describe a 3D-point cloud by continuous mathe-
matical functions in order to utilise them for further processing steps, especially for deformation analysis. 
Depending on the complexity of the object, captured by the 3D-point cloud, and the desired quality of the 
approximation, different functions can be used. This paper describes the most important mathematical 
(free-form) surfaces from polynomial functions to Bézier and B-Spline functions to Non-uniform rational 
B-Splines (NURBS) in this context. Beside the mathematical basics of the functions, the approximation 
process for curves and surfaces and the crucial modification parameters, especially the model selection, 
are described. 
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In vielen geodätischen Anwendungen bzw. Projekten ist es erforderlich, eine 3D-Punktwolke durch kon-
tinuierliche mathematische Funktionen zu beschreiben, um sie für weitere Verarbeitungsschritte, insbe-
sondere der Deformationsanalyse, nutzen zu können. Je nach Komplexität des durch die 3D-Punktwolke 
beschriebenen Objekts und je nach gewünschter bzw. geforderter Approximationsgüte kommen dabei 
verschiedene Funktionen zum Einsatz. Im Folgenden werden beginnend mit Polynom-Funktionen, über 
Bézier- und B-Spline-Funktionen bis hin zu Non-uniform rational B-Splines (NURBS) die wichtigsten ma-
thematischen Freiformflächen beschrieben. Neben den mathematischen Grundlagen zu den Funktionen 
wird der grundsätzliche Ablauf der Approximation für Kurven und Flächen sowie die entscheidenden 
Stellgrößen, wie insbesondere die Modellwahl, beschrieben. 

Schlüsselwörter:  Polynome, Bézier, B-Spline, NURBS, Kurve, Fläche

1  INTRODUCTION

In many of today’s applications retrieving a point cloud as a final 
result is not sufficient. Only by modelling the geometric information 
further analysis can be performed. 3D surface based measurement 
methods allow to answer several questions which could not be ad-
dressed before. In these two special issues, the full process from the 
planning /Wujanz et al. 2016/ to the final analysis process of the 
deformations /Wunderlich et al. 2016/ is described. The purpose of 
research and economy is to develop an automatic workflow, which 
comprises all the mentioned tasks in the field of deformation analy-
sis. Especially the measurement process can already be realised by 

sophisticated sensors and multi-sensor-systems, without resp. with 
little human interaction. With the technology of laser scanning it is 
nearly possible to obtain a continuous and surface based sampling 
of an object. But this also requires surface based analysis techniques 
which are addressed in a few papers of this issue. In /Neuner et al. 
2016/ and /Wunderlich et al. 2016/ a refined overview of the mod-
elling strategies and the applications is given. Whereas /Neuner et al. 
2016/ gives an overview of approximation techniques and then fo-
cuses on the different modelling strategies for different objects, the 
paper of /Wunderlich et al. 2016/ sums up the challenges in the field 
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of laser scanning based deformation analysis. In this paper we de-
scribe the basis for an (automatic) analysis of the captured data from 
a more mathematical point of view: the approximation of the point 
cloud by free-form curves and surfaces. An important point is the 
selection of the free-form curve and surface so that it is optimally 
suited for the task of the individual application and the complexity of 
the point cloud. 

In the recent three decades free-form curves and surfaces, espe-
cially B-Splines and Non-uniform rational B-Splines (NURBS) be-
came an important component in reverse engineering. By fitting a 
(NURBS) surface through the measured coordinates of a manufac-
tured prototype the user obtains an analytical model, which can be 
used for further construction steps by computer-aided design (CAD). 
CAD, especially computer-aided Geometric Design (CAGD), is used 
in many fields of computer science and engineering, e. g. automotive 
industry, computer vision, medical imaging, and geographical infor-
mation systems. Many research papers of these disciplines were 
published in the journals “Computer-Aided Design”, “Computer 
Aided Geometric Design” (both Elsevier) and “The International 
Journal of Advanced Manufacturing Technology” (Springer). In engi-
neering geodesy free-from curves and surfaces also became an 
important issue in the recent years, which became obvious by a 
rising amount of research papers regarding the topic published in 
geodetic journals (see Section 3.2 ).

The goal of the free-form curves and surfaces is to approximate 
all kinds of artificial and natural objects, which are captured by 
geodetic sensors, e. g. laser scanners, and are subject of deforma-
tion analysis. These objects and the resulting point clouds of these 
objects may contain data gaps, sharp edges, cusps and leaps. Ad-
ditionally, the object surfaces may have irregular edges and consist 
of varying point densities.

Especially the subsequently described B-Splines and NURBS are 
suited to handle all these properties and approximate the point cloud 
in an optimal way, if the determination and estimation of the 
demanded parameters is realised by sophisticated approaches in the 
approximation process. The difference between the works in the 
geodetic community and other disciplines mainly lies in the treatment 
of outliers, data gaps and the refined model selection process. 

The Paper is, therefore, organised as follows: In Section 2, the 
functional models of curves in 2D space are described. This makes 
it easier for the reader to understand the general mathematical idea 
and for which kind of point clouds each function is suitable. In the 
next step, Section 3 shows the mathematical approximation proce-
dure for curves in 2D. This is then easily extended to surfaces in 3D 
in Section 4, where the surfaces in 3D can be mainly seen as the 
Cartesian product of two curves. A very important issue of the 
approximation of 3D-point clouds is the model selection process 
from Section 5 in order to decide on the complexity resp. the number 
of parameters for the curve or surface. Finally, the conclusions are 
drawn and an outlook is given in Section 6. 

2 � FUNCTIONAL MODELS FOR FREE-FORM CURVES

This section discusses the similarities and the difference of the 
mathematical functions, which can be used to approximate a point 

cloud. The focus of this paper lies on the free-form curves, such as 
Bézier or B-Spline resp. NURBS curves. For a better comparability 
also a traditional polynomial function is displayed. 

For a certain application the operator has to choose an adequate 
function, which is used to approximate the point cloud. The functions 
comprised in this section can be distinguished by their sensitivity 
regarding local changes in the data and the amount of parameters 
which have to be determined in the whole approximation process. 
These properties as well as possible applications for the functions 
are presented. Although only curves are mentioned in this section, 
the properties and applications are also valid for surfaces. As most 
applications related to the modelling curves are 2D, the following 
sections are also related to plane curves. However, the extension to 
3D is straightforward.

2.1  Polynomial curves

The coordinate-component y of a curve point C lying on a p -th order 
polynomial curve is calculated by the totalised linear combinations 
of a coefficient vector a = [a 0, …, a p] and the i -th power (with 
i  Î {0, …, p }) of the second coordinate-component x (see Eq. (1 )):
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For polynomial curves the order p  and the coefficients ai have to 
be determined during the approximation process. Local changes in 
the data affect the whole curve, so the polynomial curves are merely 
suited for very smooth point clouds, without gaps, cusps or abrupt 
changes in direction.

2.2  Bézier curves

A curve point C ( u
_

 ) lying on a Bézier curve is calculated by the to-
talised linear combinations of Bernstein polynomials Bi ,  p ( u

_
 ) and the 

so called control points xi (see Eq. (2 )). p + 1 linear combinations 
and therefore the same amount of control points and Bernstein 
polynomials contribute to the sum resp. to C ( u

_
 ). p  is also called the 

degree of the Bézier curve.
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The so called location parameter u
_

 describes the position on the 
Bézier curve. Usually the starting location parameter of the curve is 
defined with 0 and the ending location parameter is defined with 1. 
The calculation of u

_
 is described in Section 3.2.1. u

_
 and p  are the 

input parameters for the Bernstein polynomials. The calculation of 
the Bernstein polynomials is depicted in Eq. (3 ) /Bernstein 1912/, 
/Lorentz 1986/, /Piegl & Tiller 1997/:
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Fig. 1  illustrates the process of creating a Bézier curve. The p  + 1 
Bernstein polynomials (in this example: 4) in the upper left corner of 
Fig. 1  were multiplied with the p  + 1 control points, depicted in the 
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upper right corner of Fig. 1. The result of this linear combination is 
shown in the lower left-hand corner. The control points, metaphori-
cally speaking, drag the Bernstein polynomials in a certain direction. 
The sum of the p  + 1 linear combinations represents the Bézier 
curve shown in the lower right-hand corner of Fig. 1.

For Bézier curves, the degree p , the location parameters u
_

 and 
the control points xi have to be determined during the approximation 
process.

Local changes in the data have a small influence on the whole 
curve. For high degree Bézier curves wiggles may occur.

Bézier curves are well suited to describe point clouds without 
leaps and sharp cusps. In addition, they may describe the determin-
istic part of a point cloud for collocation.

2.3  B-Spline curves

Similar to the Bézier curves, a curve point C ( u
_

 ) lying on a B-Spline 
curve is calculated by the totalised linear combinations of the basis 
functions Ni,  p ( u

_
 ) and the control points xi (see Eq. (4 )). n + 1 linear 

combinations and therefore the same amount of control points and 
basis functions contribute to the sum resp. to C ( u

_
 ). p  is called the 

degree of the basis function and, in contrast to the Bézier curves, is 
not directly linked to the number of control points, basis functions 
and linear combinations.
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/Cox 1972/ and /de Boor 1972/ introduced a recursive function 
to calculate the basis functions Ni,  p ( u

_
 ) (see Eq. (5 )). Among the 

Fig. 1  |  Creating a Bézier curve
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input parameter u
_

 and p, which already affect the calculation of 
the Bernstein polynomials, the so called knot vector U influences 
the calculation of the basis functions N i,  p ( u

_
 ). U consists of m  + 1 

(with m = n + p +1) knots, which are arranged in a non-decreasing 
order (see Eq. (6 )). The knots can be divided in external and internal 
knots. The first p  + 1 knots of U contain the value 0, the last p  + 1 
knots of U contain the value 1. These 2 (p + 1) knots are called 
external knots. At every external knot a basis function commences 
or  ceases. All other knots are called internal knots. At each internal 
knot a basis function ceases and  another one commences.
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Fig. 2  illustrates the process of creating a B-Spline curve (In Fig. 1 
and Fig. 2  we tried to create two curves with a similar appearance). 
The n  + 1 basis functions in the upper left corner (to depict the 
difference between basis function N 0, 2 and N 3, 2 the latter is printed 
as a dashed line) of Fig. 2  were multiplied with the n  + 1 control 
points, shown in the upper right corner. The resulting linear combi-
nations, depicted in the lower left-hand corner, were added up to 
obtain the B-Spline curve, shown in the lower right-hand corner. 
The calculation of the B-Splines is very similar to the calculation of 
the Bézier curves. The difference lies in the occurrence of internal 
knots in the B-Spline curves. In other words, a B-Spline curve 
without internal knots comprises a Bézier curve. The B-Spline curve 

Fig. 2  |  Creating a B-Spline curve
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illustrated in Fig. 2  contains 6 external and 1 internal knot, which 
are depicted in the upper left and the lower right-hand corner.

By inserting the internal knot in Fig. 2 , the resulting B-Spline curve 
before the internal knot (knot span 1) is a sum of the p + 1 linear 
combinations of N 0, 2, N 1, 2 and N 2, 2 with the corresponding control 
points. After the internal knot (knot span 2) the resulting B-Spline 
curve is a sum of the p + 1 linear combinations of N 1, 2 N 2, 2 and 
N 3, 2 with the corresponding control points.

For B-Splines the degree p , the number of control points n + 1, 
the location parameters u

_
, the knot vector U and the control points 

xi have to be determined during the approximation process.
Due to the fact that local changes in the data merely affect the 

p + 1 linear combinations, which are nonzero in the knot span where 
the changes occur, the influence is limited on them. 

B-Splines are well suited to describe all point clouds. By placing 
multiple internal knots on the same location (called multiplicity k ), 
even sharp cusps and gaps can be approximated. /Piegl & Tiller 
1997/ mention that a B-Spline curve is p –  k  continuous. E. g. a 
B-Spline curve with degree p  = 2 is C 1-continous at all positions 
except a position where two internal knots are at the exact same 
position (k  = 2). At this position the curve is merely C 0-continous. 

2.4  NURBS curves 

The calculation of a curve point C ( u
_

 ) lying on a NURBS differs from 
the calculation of a (non-rational) B-Spline, by the usage of a ration-
al basis function Ri,  p ( u

_
 ) instead of the basis function Ni,  p ( u

_
 ) (see 

Eq. (7 )). By using the rational basis function a weight wi for the 
control points xi is introduced (see Eq. (8 )).
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NURBS are the generalisation of the B-Splines. A NURBS curve with 
equal weights w comprises a (non-rational) B-Spline curve (see 
Section 2.3 ). 

For NURBS, the degree p , the number of control points n + 1, the 
location parameters u

_
, the knot vector U, the control points xi and 

the weights of the control points w have to be determined during the 
approximation process.

Analogous to the B-Splines, NURBS are well suited to describe all 
kinds of point clouds.

By using NURBS a modification of the curve without changing the 
control points, which “gives more flexibility for interactive modifica-
tions of curves in computer-aided design” (see /Koch 2009/) is 
possible. However, the here described functional model is not fre-
quently used within the approximation process of 3D-point clouds 
until now. Possible reasons for that are high computational efforts, 
numeric unstable calculations and occasionally unusable results, 
compared to (non-rational) B-Spline curves. 

3  APPROXIMATION PROCESS OF CURVES

In Section 2 we mathematically presented three free-form curves, 
and we will i. e. concentrate on the approximation with B-Spline 
curves in this paper.

The state of the art process to approximate a 3D-point cloud, e. g.
measured by a laser scanner, with a B-Spline curve can be divided 
into three main steps, which are further described in Sections 3.2.1 
to 3.2.3. When using NURBS the determination of the weights as an 
additional step is necessary (see Section 3.2.4 ).

The first step is called parameterisation of the data and compris-
es the calculation of the location parameter u

_
 for all points in the 

point cloud. Usually the distances between the points in the sorted 
point cloud are totalised and divided by the entire length. Sec-
tion 3.2.1 contains further methods to calculate u

_
.

In step 2 the knot vector U is chosen resp. determined. Usually 
the internal knots were placed in areas with many points. This stand-
ard method is described in /Piegl & Tiller 1997/. In Section 3.2.2 we 
depict a broad field of approaches, which try to optimise the location 
of the knots resp. the calculation of U.

The last step is the estimation of the control points. By completing 
the two previous steps beforehand, the control points can be esti-
mated in a linear Gauss-Markov-Model (GMM). In Section 3.2.3 we 
depict the usual estimation by means of least squares and the intro-
duction of further robust estimators. 

When using NURBS the determination of the weights has to be 
carried out as an additional step. Chronologically, this step has to be 
done before or during the estimation of the control points. Since we 
focus on the B-Splines, this step is described after the other steps 
(see Section 3.2.4 ). 

A further task, which has to be solved during the approximation 
process, is the model selection. Because of the importance and the 
portability to other (geodetic) tasks, the model selection is extensive-
ly depicted in Section 5. Usually the number of control points n + 1 
and the degree of the basis function p  is chosen manually before-
hand, depending on the complexity of the point cloud and the desired 
quality of the approximation. This decision is a trade-off between a 
large number of parameters and a high quality of the approximation. 
In Section 5 some methods are depicted, which automatically trade 
off these sides and calculate the optimal number of n  and p , based 
on a mathematical and statistical selection process. 

The approximation of a point cloud Q, consisting of s  2D points 
(see Eq. (9 ), index x  and y  stand for the coordinate component), by 
a polynomial curve, differs from the approximation process by a 
free-form curve. This traditional approach is displayed later in Sec-
tion 3.1.
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At the end of this section (see Section 3.3 ) an example is depicted, 
in which the results of the approximation process with polynomial, 
Bézier and B-Spline curves are compared.
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3.1  Polynomial curves

The approximation process of polynomial curves conforms to a linear 
regression, where the p + 1 coefficients of the coefficient vector  
a = [a 0, …, ap] have to be determined as parameters x̂ . The design 
matrix A consists of the 0-th to p -th power of the x -coordinates, 
which are assumed to be error-free points (see Eq. (10 )).
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The y -coordinates are stored in the observation-vector l (see 
Eq. (11 )).

[ ]

,1

, 1

,

 = .
y

s

y s

Q

Q

é ù
ê ú
ê ú
ê ú
ê ú
ë û

l  � (11)

The estimates of parameters x̂  were calculated by Eq. (12 ).
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P [s, s] represents the weight matrix of the observations. In case of 
uncorrelated points having identical accuracies, the weight matrix  
P is given by the identity matrix l.

3.2  Free-form curves

3.2.1  Parameterisation of the data

The determination of the location parameter u
_

 comprises the calcu-
lation of a scalar value for each data point of a point cloud. This step 
is necessary for an approximation with Bézier, B-Spline and NURBS 
curves and surfaces. The scalar value u

_
 represents the position on 

the curve. For the parameterisation, an assorted point cloud is re-
quired.

/Piegl & Tiller 1997/ mention three methods to calculate u
_

. The 
first method called “equally spaced” assigns an integer value to each 
data point incrementally. Finally, these integer values are divided by 
the integer value of the last data point. So the location parameters 
are normalised to values between 0 and 1. The second method 
called “chord length” calculates the Euclidean distance between the 
adjacent data points. These distances are summed up and the total-

ised distance so far is assigned to each data point (see Eq. (13 )). The 
assigned values are divided by the totalised distance of the last data 
point (see Eq. (14 )). 
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The third method called “centripetal method” is similar to the 
second method, but with the difference that the square root of the 
Euclidean distance is assigned and totalised instead of the Euclidean 
distance. All methods are displayed in Fig. 3.

As an alternative, /Lai & Lu 1996/ introduced an approach to 
estimate the location parameter within a nonlinear least squares fit. 

3.2.2  Determination of the knot vector 

The knot vector resp. the position of the knots is a very important 
modification parameter for B-Splines and NURBS. The knot vector 
defines the area which is influenced by a certain basis function. In 
Bézier curves the whole curve is influenced by all p + 1 Bernstein 
polynomials, so the knot vector does not emerge. In B-Splines and 
NURBS a knot defines the end of a basis function and/or the begin-
ning of a new one. Therefore, a basis function usually influences the 
curve only locally. 

The direct estimation of the knot vector is difficult, because there 
is no analytic expression for the optimal knot locations and many 
local optima of the least squares function exist (cf. /Gálvez et al. 
2015/, /Rice 1969/, /Jupp 1978/). /Schmitt & Neuner 2015/ tried to 
estimate the knot locations together with the position of the control 
points. The resulting highly nonlinear system can only be solved by 
adequate initial values and constraints.

/Piegl & Tiller 1997/ described a fast and easy algorithm to align 
the knot vector to the location parameter u

_
 and insert knots at po-

sitions where many data points resp. u
_

’s are located. For many ap-
plications resp. objects this procedure is sufficient. For objects with 
sharp edges, cusps or data gaps this procedure leads to B-Spline 
curves and surfaces which do not represent every detail of the ob-
ject. So there are several other approaches to choose the knot 
vector in an optimal way. E. g., /Park & Lee 2007/ insert knots at 
positions where the object has a high curvature. 

There is a huge amount of metaheuristic approaches, which ob-
tain, because of the rising capability of information technology, good 
results in a short time. /Safraz & Raza 2001/ and /Yoshimoto 1999/ 

Fig. 3  |  Methods to calculate the location parameter
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used genetic algorithms, /Zhao et al. 2011/ used the estimation of 
distribution algorithms, /Ülker & Arslan 2009/ and /Gálvez et al. 
2015/ used artificial immune systems and /Bureick et al. 2016/ used 
an evolutionary Monte Carlo method to determine the optimal knot 
vector. The latter approaches of /Gálvez et al. 2015/ and /Bureick 
et al. 2016/ are depicted in more detail in the following lines.

In /Gálvez et al. 2015/ an artificial immune system is introduced. 
First of all a set of knot vectors (the authors determined an amount 
of 100 knot vectors to be optimal for the shown examples) were 
created randomly. With each knot vector (and the other parameters) 
the control points were estimated. The residual sum of squares W  is 
used to judge the quality of the fit. In the next step knot vectors, 
which led to a small W, were cloned more times, than knot vectors, 
which led to higher W. A small amount of knot vectors is chosen 
randomly in order to solve the problem that the algorithm converges 
to a local optimum. The cloned knot vectors were changed slightly 
and used once more to estimate the control points. These steps were 
repeated several times. 

The algorithm presented in /Bureick et al. 2016/ is based on a 
similar idea. Initially the knot vectors are chosen from a uniform 
distribution. Good results were stored in a top ranking. After a suffi-
cient amount of iterations, this top ranking is used to calculate the 
distribution, from which the knot vectors were chosen. Therefore, the 
possible knot span between 0 and 1 is divided into 1 000 parts. In 
each part, where a knot of a knot vector is stored, the probability of 
the part is increased inversely proportional to the squared sum of 
residuals W. The new knot vectors are chosen with help of a re
sampling step, established for a particle filter, out of the new distri-
bution. Similar to /Gálvez et al. 2015/ a small amount of knot vectors 
is still chosen from a uniform distribution, in order to avoid that the 
algorithm converges to a local optimum. After repeating these steps 
several times the best knot vector with the smallest W  is chosen and 
each internal knot is modified and stored, if the resulting W  is smaller. 
After sequentially modifying each internal knot the algorithm ends.

3.2.3  Control point estimation

If all parameters, like the variables of p  and n , the location parame-
ter u

_
 and the knot vector U, are determined beforehand, the estima-

tion of the control points can be carried out within a linear GMM.
The design matrix of the GMM consists of the Bernstein polyno-

mials for Bézier curves and surfaces or the (rational) basis functions 
for B-Splines (NURBS). Eq. (15 ) shows the design matrix for a 
B-Spline curve approximation.
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The control points x were estimated with Eq. (16 ), whereby the 
assorted s  points of Q act as observations. P [s, s ] again represents 
the weight matrix of the observations. In case of uncorrelated points 
having identical accuracies, the weight matrix P is given by the 
identity matrix I. In order to have meaningful values for the weight 
matrix, /Kauker et al. 2016/ and /Wujanz et al. 2016/ depicted the 
modelling of stochastic information in the context of terrestrial laser 
scanning.
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The estimation of the coordinate components (x  and y ) of the 
control points is carried out sequentially. First, the n + 1 x -coordi-
nates of the control points where estimated with the x -coordinates   
|Q x, 1 … Qx, s |T of the points as observations. Secondly, the n + 1 
y-coordinates where estimated with the y -coordinates |Qy, 1 … Qy, s |T 
of the points as observations. The least squares estimation is not 
robust against outliers, therefore, another more reliable possibility is 
to estimate the control points with robust estimators, e. g. Huber-
estimator (see /Bureick et al. 2016/).

3.2.4  Determination of the weights

When using NURBS the weights wi have to be determined during the 
approximation process. As already mentioned in Section 2.4 NURBS 
are not frequently used in the geodetic approximation process. 
Nevertheless, we will give a brief overview of some approaches to 
determine the weights.

/Farin 1992/ allocate the weights to the curvature of the underly-
ing curve. /Ma & Kruth 1998/ describes a linear approach, which 
determines the weights using symmetric eigenvalue decomposition 
of the manipulated and transformed matrix form of the NURBS curve. 
/Elsässer 1998/ introduced a similar linear approach, where the 
weights were determined using the householder transformation. 
/Laurent-Gengoux & Mekhilef 1993/ solve a nonlinear optimisation 
problem, where control points, weights and knots were considered 
as unknowns, with the help of numerical methods (using gradient 
descent and Newton’s method). 

A crucial task of the determination of the weights is the determi-
nation of positive weights. Otherwise unusable solutions are pro-
duced.

3.3  Example

In order to compare the approximation results using different func-
tions, a challenging point cloud was prepared (for the preparation 
see /Gálvez et al. 2015/ and /Bureick et al. 2016/), which contains 
a sharp cusp (see Fig. 4 ).

As one can see in Fig. 4  the displayed 7-th order polynomial curve 
(red), does not approximate the point cloud well. The polynomial 
curve significantly differs from the points. Nevertheless, there are 
very smooth point clouds which may be approximated by polynomi-
al curves in a sufficient manner.

A 10-th degree Bézier curve (blue) approximates the point cloud 
much better than the polynomial curve. With exception of the cusp 
in the middle of the point cloud, all areas are approximated well. 
Despite the high degree of the Bézier curve the shape is still smooth. 
The cusp however is not approximated correctly, because the 
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underlying Bernstein polynomials completely contribute to the Bézi-
er curve. For point clouds without sharp cusps or data gaps, Bézier 
curves may be an adequate choice.

The 3-rd degree B-Spline curve with n + 1 (in this case: 12) basis 
functions approximates the whole point cloud very well. This result 
is achieved by using the algorithm of /Bureick et al. 2016/ with a 
sophisticated placement of the n – p  (in this case: 8) internal knots. 
In contrast to the Bézier curves, the main advantage of the B-Spline 
curve is that the underlying basis functions just contribute to certain 
areas of the curve (defined by the knot placement). That allows the 
approximation of sharp cusps, as well as handling data gaps in the 
point cloud.

4  SURFACE MODELLING AND APPROXIMATION

The surface approximation is very similar to the curve approxima-
tion. The modification parameters of the curve approximation also 
occur in the surface approximation process, though, some additional 
challenges occur. 

4.1  Functional models for surfaces

4.1.1  Polynomial surface

The coordinate-component z  of a surface point S lying on a p-th and 
q -th order polynomial surface is calculated by the totalised linear 
combinations of a coefficient vector c = [c 0, …, c (p+1)∙(q+1) –1] and 
the i -th power (with i  Î {0, …, p }) of the x -coordinate and the j -th 
power (with j  Î {0, …, q }) of the y -coordinate (see Eq. (17 )).
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4.1.2  Bézier surface

A surface point S (u
_

, v
_

) lying on a Bézier surface is calculated by 
the totalised linear combination of the Bernstein polynomials Bi, p (u

_
), 

Bj, q (v
_

) and the control point array xi, j (see Eq. (18 )).
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(p + 1) ∙ (q + 1) linear combinations and therefore the 
same amount of control points and Bernstein polyno-
mials contribute to the sum resp. to S (u

_
, v

_
). u

_
 is the 

location parameter in the first direction (u
_

-direction) 
and v

_
the location parameter in the direction perpen-

dicular to the u
_

-direction (v
_

-direction). p  is called the 
degree of the Bézier surface in u

_
-direction, q  is 

called the degree of the Bézier surface in v
_

-direction.

4.1.3  B-Spline surface

The extension from B-Spline curves to B-Spline surfaces is quite 
simple. A surface point S (u

_
, v

_
), lying on a B-Spline surface, is 

calculated by the totalised linear combinations of the basis functions 
Ni, p (u

_
), Nj, q (v

_
) and the control point array xi, j (see Eq. (19 )). 

(n + 1) ∙ (l  + 1) linear combinations and therefore the same amount 
of control points and basis functions contribute to the sum resp. to 
S (u

_
, v

_
). u

_
 is the location parameter in the first direction (u

_
-direc-

tion) and v
_

the location parameter in the direction perpendicular to 
the u

_
-direction (v

_
-direction). p  is called the degree of basis function 

in u
_

-direction, q  is called the degree of basis function in v
_

-direction. 
Analogous to the B-Spline curves u

_
, p  and the knot vector U influ-

ences the calculation of the basis functions Ni, p (u
_

) and v
_

, q  and the 
knot vector V influences the calculation of the basis functions 
Nj, q (v

_
). V consists of r + 1 (with r  =  l  + q + 1) knots, which are 

also arranged in a non-decreasing order (see Eq. (20 )).
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4.1.4  NURBS surface

The extension of NURBS curves to surfaces proceeds analogous to 
the extension from B-Spline curves to B-Spline surfaces. The basis 
functions Ni, p (u

_
) and Nj, q (v

_
) are replaced by a rational basis func-

tion Ri, j  (u
_

,  v
_

), which is, beside the input parameter mentioned for 
B-Spline surfaces, influenced by a weight wi, j for every control point 
(see Eqs. (21 ) and (22 )). 
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Fig. 4  |  Approximation results for different functions
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4.2  Approximation process for surfaces

In this section we will depict the approximation process for surfaces 
in a 3D-point cloud Q, which consists of s ∙ t points (see Eq. (23 )). 
Q represents a grid consisting of s  rows and t  columns. The indices 
x , y , and z  stand for the coordinate component, therefore, e. g. Qx, 1 
is a scalar value representing the x -coordinate of the point 1. 
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4.2.1  Polynomial surface

Similar to the approximation process of polynomial curves, the 
approximation process of polynomial surfaces conforms to a linear 
regression. In this case the (p+1)∙(q+1) coefficients of the coef
ficient vector c = [c 0, …, c (p + 1) ∙ (q + 1) –1] have to be determined 
as parameters x̂ . The design matrix A consists of the product of 
the 0-th to p -th power of the x - and the 0-th to q -th power of 
the y -coordinates, which are assumed to be error-free points (see 
Eq. (24 )).
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The z-coordinates are stored in the observation-vector l (see Eq. (25 )).
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The estimates of parameters x̂  were calculated by Eq. (26 ).
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Again P [s ∙t, s ∙t ] represents the weight matrix of the observations. In 
case of uncorrelated points having identical accuracies, the weight 
matrix P is given by the identity matrix l.

4.2.2  Free-form surfaces

Analogous to Section 3 the three mentioned main steps occur. The 
parameterisation in the first step proceeds differently as in Sec-
tion 3.2.1. If you have a point cloud representing a grid with s  rows 
and t  columns for each row, the t  location parameters u

_i
1 to u

_i
t (with 

i  = 1, …, s ) are calculated. The average of the s  realisations of   
u
_i

1 to u
_i

t represents the parameterisation in u
_

-direction (see Eq. (27 )).
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The parameterisation in v
_
-direction proceeds in an analogous man-

ner. Initially, for each column the s  location parameter v
_j

1 to v
_j

s (with 
j  = 1, …, t ) are calculated. The average of the t realisations of v

_j
1 

to v
_j

s represents the parameterisation in v
_
-direction (see Eq. (28 )).

1

1
 with =1, ... . , j

d d

t

j
v v d s

t =
= å � (28)

A second well-established parameterisation method of the meas-
urements that not necessarily assumes a rectangular grid structure 
of the measured points is Coons patch. Only the main concept of 
this method is described here. For further details, refer to /Ma & 
Kruth 1995/ and /Harmening & Neuner 2014/. Coons patch is 
suited to parameterise measured points on surfaces which are de-
limited by four curves. The respective curve construction requires 
an automated detection of boundary points which can be performed 
according to /Harmening 2013/ using an extensioned Douglas-Peu-
cker algorithm. The detected boundary points form the basis for the 
subsequent estimation of B-Spline curves as described in Sec-
tion 3.2. Note, that the method can also be applied to a surface 
delimited by one single curve, if this curve is split into four sections, 
not necessarily of equal length. The four delimiting curves are de-
noted by Cup (u

_
), Clow (u

_
) and Cleft (v

_
), Cright (v

_
), respectively. Two ruled 

surfaces Su (u
_
, v
_

) and Sv (u
_
, v
_

) are created by linear interpolation 
between points on opposite curves having the same parameters u

_

and v
_
. A third surface B (u

_
, v
_

) is built-up as a bilinear interpolant 
between the four intersection points of the curves (corner points of 
the surface). Thus, Coons patch follows 

( , ) ( , ) ( , ) ( , ).u vu v u v u v u v= + -S S S B � (29)

Fig. 5  |  Construction of Coons patch for a scanned test object: original point cloud (left), point cloud with four delimiting curves (middle), Coons patch (right) 
/Harmening & Neuner 2014/
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An example extracted from /Harmening & Neuner 2014/ for the 
construction of Coons patch is given in Fig. 5. The point cloud de-
scribes a leaf of a cucumber plant, see /Paffenholz & Harmening 
2014/. As one can notice, the obtained surface (29 ) already approx-
imates the object’s geometry quite well. This is in general the case 
for smooth surfaces. 

Every point located on Coons patch has known parameter values  
u
_ 

and v
_
. This includes the projection of the measured points on it. 

Regarding the approximation ability of the right surface denoted in 
Fig. 5, the same parameter values u

_
 respectively v

_
 can be allocated 

to the corresponding measured point. Based on them, a first adjust-
ment is performed to estimate the control points of the B-Spline 
surface, according to step 3 treated in this section. The new B-Spline 
surface obtained after the adjustment is a closer approximation to 
the measured point than Coons patch and is used, therefore, as a 
new base surface to reparametrise the measurements. The ap-
proach maintains the same steps: projection on the base surface, 
determination of the parameters for the projection point and alloca-
tion of these parameters to the measured point.

Iterating the parameterisation and the adjustment of the control 
points may lead to the formation of artefacts, as is shown in Fig. 6. 
It was noticed, that these artefacts occur mostly in marginal 
low-sampled areas. A method that circumvents the formation of 
artefacts was developed by /Harmening & Neuner 2015/. The basic 
idea is to constrain the edge curves of the adjusted B-Spline surface 
by the delimiting curves Cup (u

_
), Clow (u

_
) and Cleft (v

_
), Cright (v

_
). This 

prevents an extension of the adjusted surface beyond the delimiting 
curves.

However, the integration of the curves into the adjustment process 
is for several reasons not straightforward. Therefore, using the 
equivalence between the curve’s shape and the spatial distribution 
of its control points, the authors expressed the constraints as rela-
tions between edge control points of the surface and control points 
of the marginal curves. As the number of these control points can 
differ for the curves and the surface, several approaches to mapping 
them together were investigated. The best results were obtained for 
the so called parameterisation of the control polygon method.

The core idea of the method is to parameterise the polygonal lines 
of the control points similar to the description in Section 3.2.1. Fol-
lowing, the distance between the edge control points of the surface 
and the corresponding points on the polygonal line of the curve’s 
control points having the same parameters u

_
 = u

_c, is minimised. For 
instance, for some control point on the “lower” edge of the surface 
the constraint reads:

0 ( ) ( ).c c
i u u u= =x x � (30)

The upper index c refers to the delimiting curve. The described 
concept is illustrated in Fig. 7. The procedure stabilises the adjust-
ment as can be seen in Fig. 8. 

In step 2 the knot vector in u
_
-direction U and the knot vector in 

v
_
-direction V have to be calculated. For more information see Sec-

tion 3.2.2.
Step 3 comprises the estimation of the control points. Analogous 

to the estimation of control points for B-Spline curves a linear GMM 
is used. Instead of Eq. (15 ), Eq. (31 ) is used.
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Eq. (16 ) transforms into Eq. (32 ).
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For more information see Section 3.2.3.
In case of using NURBS surfaces the weights wi, j of the control 

points have to be determined. For more information see Sec-
tion 3.2.4.

Fig. 7  |  Concept of the “parameterisation of the control polygon” method

Fig. 6  |  Emerging artefacts during iterative parameterisation

Fig. 8  |  Final approximating surface
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5  MODEL SELECTION 

Each approximation method discussed in this paper requires the 
specification of the number of parameters that need to be estimated. 
The importance of an appropriate choice is illustrated by means of 
Fig. 9  showing a simulated noisy B-Spline curve with six control 
points (blue dots) which forms the basis for the estimation of three 
B-Spline curves with different numbers of control points. The green 
curve with only four control points is too simple to reflect the whole 
information of the point cloud. Such models have a large bias and 
underfit the data. The more control points are included in the adjust-
ment, the better the approximation quality, in terms of the sum of 
squared residuals, becomes, being smallest for the black curve. 
Because of the data’s noisy character, however, the sum of squared 
residuals is not an appropriate indicator of a model’s suitability: 
Models being too complex overfit the data, as they model the noise 
instead of separating it from the phenomenon. Those models have a 
large variance. The task of choosing an appropriate model, finding a 
trade-off between bias and variance, is called model selection. 
There are different approaches for model selection. A common one 
is to include penalisation criteria in the objective function that is 
minimised in the adjustment. These criteria are based on the degrees 
of freedom of the model and counteract the decrease of the empir-
ical risk due to an increase of the number of parameters. In case of 
linear models, the number of free parameters is directly linked to the 
degrees of freedom. Well-known penalisation criteria are the Akaike 
Information Criterion (AIC) and the Bayesian Information Criterion 
(BIC). These criteria apply to linear models and independently sam-
pled data, containing Gaussian noise. Both are linear functions of the 
number of parameters. While AIC belongs to the class of asymptotic 
efficient criteria, the BIC is an asymptotic consistent criterion. This 
means, that AIC assumes a true model of infinite dimension and aims 
to identify the model which approximates the true dependency in 
optimal manner, from a set of candidate finite models. The optimal-
ity is defined as the “distance” between the probability functions of 
the true and the candidate models. In general AIC tends to select 
more complex models when the sample size increases. BIC assumes 
a true model of finite dimension and that this model is contained in 
the set of candidate models. Compared to AIC, BIC retains a certain 
model when the number of samples increases. The AIC and BIC 
penalisation form is given in Eq. (33 ).

Pen AIC = 2K  and Pen BIC = K log (Nobs),� (33)

where K  denotes the number of free parameters and Nobs the num-
ber of samples.
The residual sum of squares W in the estimation of the control points 
represents the quality of the approximation. The value of the infor-
mation criterion is calculated by the sum of W and the respective 
penalisation term given in Eq. (33 ). The latter increases with the 
number of free parameters. The use of AIC and BIC in terms of 
B-Spline approximation is extensively described i. a. in /Harmening 
& Neuner 2016a/.

Another possibility to determine the optimal quantity of parame-
ters is the use of a significance test, which evaluates the integration 
of an additional parameter regarding a significant improvement of 
the quality of the approximation. Again the quality of the approxima-

tion is represented by W. /Liu & Wang 2004/ used this approach for 
splines.

A third approach is based on the statistical learning theory (SLT) 
and is extensively presented in /Harmening & Neuner 2016a/ and 
/Harmening & Neuner 2016b/. This approach differs from the infor-
mation criteria in the definition of a model’s complexity, which is 
quantified by means of the Vapnik-Chervonenkis dimension (VC-Di-
mension) /Vapnik 1998/ and no longer by means of the number of 
estimated parameters, as in the case of AIC and BIC. The VC-di-
mension originates from the classification theory and quantifies the 
size of a data set which can be classified without errors by the re-
spective model candidate. The respective estimated VC-dimension 
/Vapnik et al. 1994/ and the empirical risk, obtained from the esti-
mation of the model’s parameter, can be used to compute a bound 
on the true risk of a model with respect to a data set. The model 
producing the lowest bound on the true risk is chosen to be the 
optimal one. The advantages of this method, with regard to the 
asymptotic information criteria, are the applicability also to nonlinear 
models as well as the consideration of the finite sample size. 

6  CONCLUSION AND OUTLOOK

6.1  Conclusion

In today’s applications, 3D-point clouds are increasingly important. 
3D surface based measurements methods allow to answer several 
questions which could not be addressed before. But this also re-
quires surface based analysis techniques, which are addressed in 
this paper. We showed that different free-form curves and surfaces 
provide solutions for nearly every approximation task. Which free-
form curve and surface is optimally suited for the task depends on 
the individual application and the complexity of the point cloud. As 
the deterministic part of a collocation, a Bézier surface may be the 
adequate choice, whereas point clouds, containing sharp edges, 
cusps or data gaps can solely be approximated by B-Splines and 
NURBS, which were determined with sophisticated methods. 

The approximation process for the different free-form curves and 
surfaces is quite similar and is based on a linear GMM here. There 
are several approaches to optimise the approximation. Especially the 
knot vector is an important step with huge influence on the results. 

Fig. 9  |  The influence of the number of control points on a B-Spline curve’s 
appearance /Harmening & Neuner 2016a/
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Metaheuristic approaches improve the results significantly for com-
plex point clouds and are of primary interest.

A very important task, not only in the approximation process for 
free-form curves and surfaces, is the model selection. We depicted 
different approaches to automatically determine the appropriate 
number of parameters. Altogether, free-form curves and surfaces 
are, therefore, well suited as the basis for further tasks within a 
deformation analysis process.

6.2  OUTLOOK

For future applications the approximation process may be improved 
concerning methodical aspects on the one hand and practical as-
pects on the other.

A methodical aspect is the sophisticated determination of NURBS. 
Up until now the application of NURBS is not common in the approx-
imation process (for geodetic tasks), because methods to determine 
the weights of the control points may comprise high computational 
efforts, numeric unstable calculations and occasionally unusable 
results. Because of that the use of NURBS in the approximation 
process lacks of added value in relation to (non-rational) B-Splines. 
Further methods have to be developed, which exploit the added 
value of NURBS in the approximation process. Furthermore the 
model selection methods will be refined in order to distinguish be-
tween the different parameters to be chosen and with respect to the 
indigenous complexity of the point cloud.

As practical aspects, especially with respect to the automatic 
workflow, the performance of the algorithms has to be improved and 
has to be made more robust against outliers. Moreover, algorithms 
need to be developed which can deal with millions of points and 
unorganised 3D-point clouds. Another open task is the segmentation 
resp. selection of points out of the point cloud to be approximated by 
the free-form curves and surfaces. Subsequently pursued by the task 
of interaction resp. concatenation of different free-form surfaces 
among themselves and with e. g. polynomial surfaces.   
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Fokus auf 
Produktivität ... 

... die neuen Leica Digitalnivelliere! 
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Möglich wird dies durch das Zusammenspiel 
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großen Farb-Touch Anzeige, der hochwertigen 
Weitwinkel-Kamera und dem neuen Digital-
kompass. 

Leica Geosystems
Tel. 089/14 98 10 0
http://facts.leica-geosystems.com/LS


