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In Centre for Geodesy, the displacement mea-
surements of certain constructions have been
performed for the last ten years. In this time, the
displacements on constructions such as bridges,
viaducts, girder constructions, beams and load-
bearing pre-fabricated walls have been measured
with different methods. Analyses of results have
shown interesting discoveries in simulation of
displacements. For this purpose, the methods of
polynomial interpolation and cubic splines were
used which proved the connection between
measured and calculated values. Interpolation
methods provided mean values among loads. In
this way, the appearance of cracks in the con-
struction can be simulated and the effect of over-
loaded construction can be predicted; therefore
renewed measurements are not needed.

1 Introduction

First of all, the measurement of vertical displacements and
deformations on structural elements is carried out during
construction for control, after-construction for object mo-
nitoring and for reliability assessment after a certain time
of usage (Aratr 2005). Nowadays, methods of vertical dis-
placement measurements are more or less known. Diffe-
rent equipment, variety of accuracies and capacities can
be used; the decision, which method should be taken,
lies in the demand of construction, accessibility and de-
sired accuracy. In the scientific field the photogrammetric
(GuARNIERI et al. 2004; ALBERT et al. 2002; JAUREGUI et al.
2002; Jaurecur et al. 2003; Maas and HampeL 2006;
Oraszek 1999) and laser scanning (Gorpon et al. 2004;
GorpoON et al. 2005; ScHAFER et al. 2004, FucHs et al.
2004) method are most widely used as a means to search
for connection between results, analysis methods and pre-
sentation of won values; but in practice, accomplishment
due to inaccessibility of constructions (bridges, viaducts,
etc.) can be a problem. From the practical point of view, a
classical surveying methods trigonometric heightening
and levelling are still used as well the latest instruments.
If possible, physical methods like measurements with the
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help of inductive measures and strain gauge should also be
employed. For the purpose of getting reliable results, it is
advisable to apply two independent methods at the same
time which, unfortunately, partially raise costs and mea-
surement time.

In order to achieve the best results with the applied instru-
ments, our methods should be compared to others that are
not used so frequently. For this purpose, laboratory tests
and comparable analysis between results are performed,
gained by measurements and calculated values of displa-
cements. On the basis of obtained measured results, the
entire picture of construction is performed. The aim of
our research is searching for polynomial interpolation
among results.

2 Mathematical basis of problem
formulation

Mathematical problem formulation is obtained in order to
approximate the behaviour of specific objects in natural
environment. Usually, such a formulation is achieved
by mathematical models within known physical principles
which are used to employ a problem equation. If we are
not familiar with these principles, practical experiments
and tests can be undertaken. When a problem is once suc-
cessfully formulated by equations, the values of un-
knowns should be found according to different outer phys-
ical conditions. A lot of attention should be paid to ascer-
tain that such results are possible and if so, whether they
are invariable. Finding the solution, the need for new
forms of mathematical analysis could appear which leads
to solving new mathematical problems. When the result is
obtained, the real value is not gained until the physical
interpretation is completed. Such interpretations can
lead to solution suggestions of equal or similar problems
which bring about new mathematical and physical cogni-
tions. When there are given values of a function f at dif-
ferent points xo, . . . , x,, and we want to find the value of a
function in point x, which is not given, an interpolation
function can be used. Generally, polynomials are used
for interpolation functions. In the past, polynomial func-
tion was mostly used to determine the values of table func-
tions; nowadays it is mainly used as a tool for numerical
derivation, integration and solution of differential equati-
ons.
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Regarding functions and needs, instead of polynomials
other functions can be used, e.g. trigonometric polyno-
mials, rational functions, lately splines are more frequent-
ly used. Polynomials have good characteristics since the
construction and calculation of values are simple and they
are easy to derivate and integrate as well.

3 Polynomial interpolation of vertical
displacements

In n + 1 different points xo, . .., x, there are given values
Y0, - - -, yn Of function f and we want to find a polynomial
of < n degree, which fits the function fin points x;. Such a
polynomial is called an interpolation polynomial.

The applicability of polynomial interpolation was first ex-
amined in a laboratory testing of concrete beam (Fig. 1)
where the displacements were measured with different
methods: classical geodetic tacheometry, photogramme-
tric method, by using inductive transducer and extenso-
meter. To point out, the research based on comparison
of employed measurement methods and approximation
of displacement with polynomial interpolation. The con-
struction was simply supported at both ends and loaded in
the middle point of the span. This example was used as a
simulation of one field of a bridge in order to confirm the
application of polynomial interpolation as a means to si-
mulate displacements on huger and more demanding con-
structions. The results among certain measurement me-
thods are comparable in the way that each of the applied
methods provides reliable results. However, for scientific
purposes we wanted to know what kind of displacements
occurred between loads of 3 kN and also if any load could
be omitted or are such frequent measurements needed to
obtain the end value of bearing strength of a plate. We also
wanted to find out whether the displacements could be
simulated with mathematical calculation on other similar
beams. Thus, polynomial interpolation of degree 3 was
used for the mentioned beam.

For every load case (3 kN, 9 kN, 15 kN, ...) polynomials
of 2" degree through the monitoring points were fitted
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Fig. 1: Reference points, coded marks, scale bars and dis-
placement vectors of a concrete plate
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Table 1: Polynomials through points 1-9 for different loads

Load pi(x) in mm, X in m
polynomial

3 kN 0.164286 — 1.00571 x + 0.237714 x>

9 kN 0.233333 — 3.79175 x + 1.00876 x>
15 kN 0.497619 — 8.93714 x + 2.3101 x>
21 kN 0.983333 — 14.6686 x + 3.7821 x>
27 kN 1.84286 — 19.7771 x + 5.11086 x>
33 kN 2.5119 — 24.96 x + 6.47924 x>
39 kN 3.46667 — 30.1657 x + 7.84762 x>
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Fig. 2: Graphs of fitted polynomials for seven load cases
(3 kN,..., 39 kN)

with the Mathematica 5.0 software. The polynomials of
2" degree are of the form

pi(x) =a; +b; x+c; x° (1)

fori =1, 2,...n, where nis the number of observed con-
trol points on the concrete plate (7 points: 1, 2, 3, 5, 7, 8
and 9) and x is the length of the concrete plate. Fig.2
shows the magnitude of vertical displacements at the dif-
ferent loads. The calculated polynomials are also given in
Table 1. (For the sake of better presentation, the units for x
and y axis are metres [m] and millimetres [mm], respec-
tively.) Note that the p(x) represents the vertical displace-
ment of the plate at point x caused by the force F—.
Additionally, the polynomials were calculated for the de-
formations at seven monitoring points versus load. This
time, the x and y represents the load (in kN) and the ver-
tical displacement (in mm) caused by that force at the gi-
ven monitoring points.

The obtained results show that in the future it will not be
necessary to perform so many load phases since interme-
diate displacements can be calculated from the obtained
equations and the displacements can be stimulated under
different loads beforehand.

Also, the method of polynomial interpolation was tested
according to the data of load test of Puch bridge in Ptuj.
The construction has two abutments, five spans and four
supports (Figs. 3 and 4). The measurements were comple-
ted with the help of trigonometric heighting method by
four stand measurements. Electronic tacheometers Nikon
DTM series 800 were used.
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Fig. 3: Puch bridge

Pruj

B stand 3

(D) stand 2

Fig. 4: Situation and arrangement of sight points and stands

As an example, during the loading of intermediate span
(F3) the following upstream side displacements were
measured:

According to the number of observed points (11) and poly-
nomial interpolation theory, it is reasonable to consider
the polynomial of degree 10 or less. In Fig. 5 interpolation
polynomials of different degrees are shown. The best fit-
ting of polynomial function was obtained at polynomial
degrees 9 and 10; increasing the polynomial degree above
10 does not bring results in polynomial adaptation to the
field measurements.

For example, polynomial of degree 10 is written in the
form of:

0.23832 + 8.18992 x — 0.51461 x> + 0.011952 »°
— 0.00014 x* +9.08206 x° — 3.49141 x°
+ 7.82930 x” — 9.46829 x® + 4.76588 x°

Table 2: Measured vertical displacements at loading span 3

Point Displacement [mm]
1 0.3
2 - 1.9
3 —-0.8
4 11.9
5 0.8
6 —493
7 0.5
8 13.0
9 0.2

10 -19
11 —-0.8
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Fig. 5: Polynomial approximation of degree 6 to degree 10

In Fig. 5 the polynomial approximation of degree 6 to 10
and all polynomials are shown. The vertical axis repre-
sents a displacement, the horizontal axis the length of
the construction (not in scale).

Increasing the numbers of points leads to the loss of the
applicative value due to increased degree of polynomial,
which also results in the worse accordance since the poly-
nomials in points on the edge approximate worse. There-
fore, it is more suitable to apply different interpolation
methods as for instance interpolation with piecewise poly-
nomial function as well as cubic splines.

4 Interpolation with piecewise polynomial
functions

Interpolation with piecewise polynomial functions has
much better accordance of polynomials (of degree 3)
with measurements as in the previous case. In Fig.6
one phase of load testing (loading on span 3) and polyno-
mials p; (x) for each field is shown.

When the polynomials are shown in the same graph
(Fig.7) the smooth function is obtained which is not
smoothly derivative therefore it is sensible to consider
a method which enables smoothly derivative interpolation
that cubic splines enable.

5 Cubic spline interpolation

Instead of one polynomial of high degree, the interpola-
tion function is splined from polynomials of low degrees.
A piecewise polynomial function or a spline (Fig.8) is
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Fig. 6: Piecewise polynomial functions in the case of Puch
bridge in Ptuj

obtained. By that we want a composed curvature to be as

smooth as possible and to describe the form of input data

better.

The base of approximation is piecewise linear interpola-

tion. Squared splines are not very useful; the cubic splines

are better where cubic polynomial p; is on interval [x;,

x;+1]. For a cubic interpolation spline it is necessary to

be smooth derivative. Therefore we wanted to find a func-

tion which is smooth and derivative on the whole interval.

There are 5 different approaches to the spline constructi-

on:

1) the first derivative in start and end points is known

2) the second derivative in start and end points is known
and equals 0

3) the values in start and end points are extrapolated

4) the second derivative near edge points is constant

5) the second derivative in start and end points is given
(pre-determined) value.
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Fig. 7: Piecewise polynomial functions for Puch bridge

X, X X X, X X; x; x;

Fig. 8: An example of piecewise polynomial function

According to test calculations, the second approach is the
most appropriate for our researches which is the reason
why it was used.

In this case the pairs of points are connected by polyno-
mials of degree 3, which are in the form of:

f(x) = ai+ bx + ¢’ + dix’ (2)
The form of the spline is:

Sk(x) = sk0 + sk (x — x) + s (x — Xk)z + sp3(x — Xk)3
(3)

The splines are obtained on intervals [x;, Xpi1l;
k=0,1,...,n—1 where n is the number of intervals.
The number of points is n + 1 and unknowns 4n.

The following conditions should be met:

1) n cubic splines should be obtained in the form of:

Si(x) = s10 + 8,1 (x — xx) + sp2(x — xk)2 + sp3(x — xk)3

2) Each spline must strictly follow the given points

Sx) =y; k=0, 1, ... ,n

3) The function should be smooth in all internal knots:
Skt (Xs1) = Skp1(xg1); k=0, 1, ..., n—2

4) The function should be smooth curvature; it consists of
smooth derivatives S/ (xx11) = Slv1(xk+1)3

k=0,1, ... , n—2

5)In the internal points, the function should also have
other derivatives Si(xxi1) = Skp1(xx+1); k=0, 1,

L, n—2
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Table 3: Interpolation polynomial on the single interval interval

No. from point — to point

polynomial

1
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O
|
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10 - 11

0.3 — 2.14358 x + 0. x> — 0.0564777 x3
—3.33851 4 8.77194 x — 10.9155 x> + 3.58209 x*
73.0937 — 105.876 x + 46.4086 x> — 5.97194 x
319.399 — 352.181 x + 128.51 x> — 15.0943 x*
—3920.2 + 2827.51 x — 666.414 x* 4 51.1493 x*
8798.83 — 4803.9 x + 859.87 x> — 50.6029 x*

— 5168.85 4 2179.94 x — 304.104 x> + 14.0623 x>
— 2524.82 4 1046.78 x — 142.225 x> + 6.35375 x°
2508.68 — 840.779 x + 93.7208 x> — 3.4773 x*

— 66.7062 + 17.6828 x — 1.66382 x> + 0.0554608 x°

Finally, two unknowns are found, dependent on x( and x;,
as well as the following expression for a cubic spline:

my Myt
Si(x) = 67”{(Xk+1 —x)’+ 61; (x —x)° (4)
Vi myhy Vir1  Myyrhy

+<hk 6 )(xk+1 X) + ( /’lk 6 )(x Xk)
where:
my — the second derivative in starting point
mj — S(xk) =0
mg+; — the second derivative in end point

m, = S(xk+1) =0

hj. — the width of the interval x;,.| — x;

In this case, derivatives in other points are calculated by
expressions:

di = yk+1h— Yk (5)
k
up = 6(dk - dkfl) (6)
fork=1: 2(h0 + hl)ml + hymy = uy (7)
fOI‘k:2, ey n—2 hkflmkfl
+ 2(hk—1 + hi)my + gy = ug (8)
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Fig. 9: Cubic spline in the case of Puch bridge
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fork=n—-1 h,,m, »+ 2<hn72 + hnfl)mnfl = Up—1

©)

The result is smoothly derivative polynomials of degree 3
on the single interval which can be seen from the Table 3.
When polynomials are shown in the same graph, the good
approximation of measured displacement is gained which
is shown in Fig. 9.

6 Conclusion

Among authors, who describe the methods of displace-
ment measurements in scientific literature, we can mostly
find out that the measurement itself is not problematic; a
problem appears at evaluation and presentation of values
of micro-displacements due to the prescribed accuracy of
applied equipment. So, before the measurement is perfor-
med, the object and near terrain should be examined and
the expected displacement under certain load should be
gained from the static calculations. In this way, the instru-
ments and the equipment can be chosen which suit the
prescribed accuracy. In our Centre most of the time is de-
voted to alignment and analysis of results as well as dis-
placement simulation. These results are then thoroughly
interpreted on practical examples of displacement measu-
rements on different types of constructions. Our experien-
ces can establish that the displacement and deformation
measuring on bigger bridges is in many cases quite
time-consuming. Technological procedures and work sha-
ring among participants are very complicated due to the
measurements which might not be necessary as well as
internal and external manipulative, transport, traffic and
material costs on arrangement and performance of load
testing. Tendency toward rationalisation of measurement
procedures on field is indicated in the sense of faster mea-
suring at the same quality and accuracy of measured va-
lues and within smaller team with fewer instruments nee-
ded on field.

For this purpose, the interpolation comparison with the
possibility of displacement simulation was accomplished.
This method can be used for load testing of bridges when
the object consists of, more or less, equal spans. It takes
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less time when the approach to the measurement stand is
inaccessible or sight points are almost invisible due to
obstacles. In this case, only loading of such spans is car-
ried out which can be observed merely under ideal or sa-
tisfactory criteria while the others can be simulated by po-
Iynomial interpolation or in the case of overweight trans-
port across the object. The method essentially shortens the
work on the field but partially lengthens the time of data
post processing.

To conclude, the polynomial interpolation certainly dif-
fers according to a construction type, material used,
span of construction and expected displacements. Our
purpose was to test a concrete beam in a laboratory which
resulted in simulation of one field of a bridge. Accordance
of static calculation were tested; and also the polynomial
interpolation was accomplished which is completely in
accordance with mean measured values. In addition,
this method will be used for steel and wooden beams whe-
re the construction responds in different ways.
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